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Abstract. High-frequency homogenization is applied herein to develop asymptotics for waves
propagating along line defects in lattices; the approaches developed are anticipated to be of wide
application to many other systems that exhibit surface waves created or directed by microstructure.
With the aim being to create a long-scale continuum representation of the line defect that nonethe-
less accurately incorporates the microscale information, this development uses the microstructural
information embedded within, potentially high-frequency, standing wave solutions. A two-scaled ap-
proach is utilized for a simple line defect and demonstrated versus exact solutions for quasi-periodic
systems and versus numerical solutions for line defects that are themselves perturbed or altered. In
particular, Rayleigh–Bloch states propagating along the line defect, and localized defect states, are
identiﬁed both asymptotically and numerically. Additionally, numerical simulations of large-scale
lattice systems illustrate the physics underlying the propagation of waves through the lattice at
diﬀerent frequencies.
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1. Introduction. Rayleigh–Bloch waves are a ubiquitous feature of periodic line
defects in continuous, or discrete, media and arise in many apparently disconnected
areas of engineering and physics: in water waves [14], in acoustic or electromagnetic
gratings [30], elastic plates [15], on structured surfaces [17], in photonic lattices [32],
among many other areas. In each case a periodic surface, or interface, is embedded
within another bulk medium and a surface wave exists that propagates parallel to
the surface but decays exponentially with distance from the surface. There has been
considerable interest over the years in the existence of these waves, their properties,
and ﬁnding at which frequencies these waves exist; there are also several subtleties
involving ﬁnding whether embedded Rayleigh–Bloch waves exist [31]. It is worth
noting that the facility to guide surface energy within a photonic crystal lattice [18]
or along a surface [21] is a vital ingredient of modern applications such as designer
surfaces in optics using surface plasmons. If one inserts a line interface or surface
(not necessarily made of periodic cells) within a bulk material, then often a surface
Rayleigh wave exists that also propagates along the surface and decays exponentially
with distance from the surface; such waves are commonplace in elasticity [1] and also
occur in other applications. Although the ﬁnal eﬀect is similar to Rayleigh–Bloch
waves, the reason for their excitation is subtly diﬀerent.
Much of the previous work on surface or Rayleigh–Bloch waves uses numerical,
or in limited situations, approximate or analytical techniques, i.e., for comb-like sur-
faces [13, 14, 17], to detect and ﬁnd such waves. The present article introduces an
asymptotic technique aimed at the situation where one has a microstructured surface
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or interface consisting of many thousands or even millions of periodic cells but where
the overall structure is on a diﬀerent lengthscale: this situation is common in real ex-
amples such as multilayer dielectric gratings for laser fusion [6], plasmonic solar cells
[3, 26], and microwave absorbers [19]. The approach here is to develop a two-scale
process in the simpler situation of line defects in discrete lattices using the model of
Montroll and Potts [24] to illustrate and begin to develop the necessary mathematical
theory of Rayleigh–Bloch and surface waves in phononic contexts.
The two-scale process we develop is an extension of homogenization theory; the
usual multiple-scale procedure [5, 7, 23, 27, 33] as applied to multiscale media neces-
sarily requires the wavelength to be long relative to microstructure, thereby limiting
the theory to low frequencies; unfortunately, low frequencies are of little interest in
many real applications. Indeed, for the situations considered in this article no surface
waves have low frequency and the conventional theory is not applicable. Fortunately,
for bulk media it has recently been understood how to develop a high-frequency ho-
mogenization for waves through doubly periodic or nearly periodic media in continua
[11], frames [25], discrete media [10], and for elastic plates [2]. The usual asymptotic
procedure [23] proceeds via the introduction of two scales: a slow scale x and a fast
scale (microscopic) y = x/ε, where ε  1. This scale separation shrinks the micro-
structure, allowing it to be isolated and averaged; the emphasis is upon the long scale.
The frequency of the waves is forced to be eﬀectively low and this limits the validity
of the usual theory, with the leading-order displacement ﬁeld eventually independent
of the microscale. Craster, Kaplunov, and Pichugin [11] make a subtle change of em-
phasis beginning with a trivial change in the deﬁnition of the two scales with a slow
scale X = εx and a fast scale ξ = x; this scaling ﬁxes attention upon the microscale.
The theory expounded in [11] then follows through the logic of this, together with
an additional idea taken from physics: if one has a perfect lattice, then attention
can be concentrated upon a simple cell with Bloch conditions set upon its edges; this
perfect lattice problem encodes the multiple scattering between cells no matter how
high the frequency is. Noting that there exist standing waves at the wavenumbers
corresponding to the edges of the Brillouin zone, and that those standing waves have
associated standing wave frequencies, inspires one to use this information within an
asymptotic theory.
From almost time immemorial, discrete lattice structures have been used to model
and interpret wave phenomena and have made a signiﬁcant contribution to the devel-
opment of wave mechanics [9]. There is not an exact one-to-one analogue problem in
a continuous system. Initially, we consider a two-dimensional lattice structure con-
structed by rows of identical masses joined by massless strings with a single row of
identical masses of diﬀerent size, which can be regarded as a perfect line defect, as
shown in Figure 1. We are also concerned with the case of a bulk lattice containing
a line defect, which is itself defective by having a single mass diﬀerent from the rest
in this line. The aim is to ﬁnd whether it is possible for a “Rayleigh–Bloch”-like
wave to exist in such structures employing asymptotic and numerical methods. The
two-scale asymptotic approach, which is implemented for solving the problem, uses
microscale information to ﬁnd asymptotic homogenized continuum equations valid on
the macroscale. The results obtained from using this method are compared to those
of numerical solutions.
As noted earlier we will concentrate here upon discrete lattice structures and use
the discrete high-frequency homogenization theory of [12]. The article follows the fol-
lowing plan: we will consider line defects leading to Rayleigh–Bloch waves, in section
2, using exact techniques based upon discrete Fourier transforms and the asymptotic
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(a) (b)
Fig. 1. A perfect line defect embedded within a bulk lattice. (a) The bulk lattice consists of
alternating strips of masses. (b) The bulk lattice consists of identical masses.
technique based around standing wave frequencies. In section 3, the same surface
wave as in section 2 is reconsidered, but using two scales orientated perpendicular to
the line defect; the two approaches are then compared. To demonstrate how these
waves occur, and how the theory can be used to interpret the results, some illustrative
examples from numerical simulations are included in section 4; the displacements are
depicted in a discrete lattice with embedded lines of defective masses, excited at dif-
ferent frequencies. Finally, some concluding remarks are drawn together in section 5.
2. Perfect line defect. We begin with a line of identical masses, the line defect,
that replace one line within an inﬁnite square lattice; the line defect has masses that
are diﬀerent from those within the main lattice.
Before turning our attention to the line defect and the eﬀect that it creates, it is
worthwhile to outline the situation for the undisturbed main lattice constructed from
alternating stripes of masses; typical dispersion curves are shown in Figure 2. For the
inﬁnite lattice it is convenient to ﬁx upon an elementary cell of four masses arranged
in a square (with the M1 masses along the lower edge) and label the lower left mass
as y2n,2m. The displacements must satisfy the following diﬀerence equations:
y2n+1,2m + y2n−1,2m + y2n,2m+1 + y2n,2m−1 − 4y2n,2m = −M1Ω2y2n,2m,(2.1)
y2n+2,2m+1 + y2n,2m+1 + y2n+1,2m+2 + y2n+1,2m − 4y2n+1,2m+1 = −M2Ω2y2n+1,2m+1,
(2.2)
y2n+2,2m + y2n,2m + y2n+1,2m+1 + y2n+1,2m−1 − 4y2n+1,2m = −M1Ω2y2n+1,2m,
(2.3)
y2n+1,2m+1 + y2n−1,2m+1 + y2n,2m+2 + y2n,2m − 4y2n,2m+1 = −M2Ω2y2n,2m+1.
(2.4)
A similar arrangement is treated in [12], and the high-frequency homogenization
method developed there creates asymptotic expressions for the dispersion curves in
a two-dimensional lattice: it can similarly be used, if desired, for the cases shown in
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Fig. 2. Dispersion curves for a perfect inﬁnite square lattice. (a) A lattice of alternating strips
of masses. (b) The reciprocal Brillouin lattice in wavenumber space κ1, κ2 (assuming a periodic
square elementary cell of four masses). (c) The dispersion curves for M1 = 1,M2 = 2 (with masses
M1 as the lower row in the elementary cell). (d) The dispersion curves for M1 = M2 = 1. The
dashed line in panel (d) depicts the dispersion curve starting at (κ,Ω) = (0, 2) in Figure 3, but here
it is folded over in the middle; this occurs since the four-mass cell assumes periodicity [0, π
2
], unlike
[0, π], as used in Figure 3 for a single mass in a cell.
Figures 2(c,d); however, we do not do so here. Here we just show the exact dispersion
curves, where y2n+Nˆ,2m+Mˆ = exp(i[κ1Nˆ + κ2Mˆ ])y2n,2m and (κ1, κ2) are the Bloch
wavenumber vector κ with |κ1,2| ≤ π/2. The dispersion relation connecting frequency
and wavenumber is found from an eigenvalue calculation as in [12]. In wavenumber
space (Figure 2(b)) one need only consider the square shown, and plotting the disper-
sion curves around the triangle ABC, or ADC, suﬃces (from periodicity). We use the
latter here, as the curves alongAD correspond to waves propagating in the n direction,
and later when we introduce a line defect along m = 0, we will draw connections with
waves propagating along the defect. The resultant dispersion curves, in Figures 2(c,d)
for dissimilar and identical masses, respectively, show that there is an inﬁnite stop-
band above a critical value (Ω2 > (3(M1 +M2) +
√
9(M21 +M
2
2 )− 14M1M2)/M1M2
and Ω2 > 8/M1, respectively) and, for dissimilar masses, Figure 2(c), a ﬁnite width
stop-band. These dispersion curves show much that is of independent interest: a
ﬂat portion along AC in Figure 2 is of particular interest [4], as is the linear low-
frequency behavior near the origin for which classical homogenization applies, and
there are standing waves at the edges of the Brillouin zone, coalescences of dispersion
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curves, and regions with negative group velocities. However, these are tangential to
our purpose, which is to investigate the propagating modes that occur along a line
defect introduced into this lattice.
To clearly illustrate the asymptotic technique for the surface waves, we specialize
to identical masses in the bulk lattice for which
(2.5) yn+1,m + yn−1,m + yn,m+1 + yn,m−1 − 4yn,m = −Ω2yn,m
{
M m = 0,
M0 m = 0.
Later when we consider whether Rayleigh–Bloch waves can travel along the line of
diﬀerent masses, we will again consider quasi-periodic Bloch conditions, but only in
the x direction, and so the Bloch wavenumber will be a simple scalar κ.
Let us approach this by assuming that there are two scales in n; that is, there
is some long scale in which the discrete line defect becomes a continuum interface
condition to the main bulk lattice, and a short scale that is simply one column of
masses and their nearest neighbors (in n); for clarity we simply keep m discrete and
do not rescale it. For the two scales in n we follow [12] and set ξ = εn as the long
scale with ε  1 and a short scale N = (−1, 0, 1) and denote yn,m as
(2.6) yn,m = ym(ξ,N).
The scale separation is set by ε and we shall leave this arbitrary, but assumed small,
at present and then later ﬁx its value for speciﬁc examples. The two variables ξ and
N are now assumed independent, and we ﬁrst consider the short scale. Here we have
two choices: each column of masses can be assumed to be either in-phase or directly
out-of-phase with its nearest neighboring column; we assume the former (and give
results later for the latter). Thus on the microscale we assume that
(2.7) ym(ξ, 0) = ym(ξ,±1),
and so motion is locally periodic on the microscale. Then (2.5) in the two-scale
notation is
ym(ξ + ε, 0) + ym(ξ − ε, 0) + ym+1(ξ, 0) + ym−1(ξ, 0)− 4ym(ξ, 0)
= −Ω2ym(ξ, 0)
{
M m = 0,
M0 m = 0.
(2.8)
We now drop the 0 in the argument of y and consider it henceforth understood;
following [12] we adopt the ansatz
(2.9) ym(ξ) = y
(0)
m (ξ) + εy
(1)
m (ξ) + ε
2y(2)m (ξ) + · · ·
and for the frequency
(2.10) Ω2 = Ω20 + εΩ
2
1 + ε
2Ω22 + · · · .
Substitution of (2.9) and (2.10) in (2.8) gives a hierarchy of equations in power of ε
that are then solved order-by-order in ε: at leading order of ε0,
(2.11) 2y(0)m (ξ)− y(0)m+1(ξ)− y(0)m−1(ξ) = Ω20y(0)m (ξ)
{
M m = 0,
M0 m = 0.
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Equation (2.11) is independent of ξ, implying that y
(0)
m (ξ) = f(ξ)Ym where f(ξ),
the behavior of the solution on the long scale, is as yet unknown; indeed, the whole
point is to ﬁnd an asymptotic representation of this function f(ξ). Importantly, f(ξ)
is deﬁned only on the continuum macroscale and is independent directly of m,n,
therefore giving a long-scale envelope of the behavior of yn,m.
Using the discrete Fourier transform pair
(2.12) Y˜ (α) =
∞∑
m=−∞
Yme
imα, Ym =
1
2π
∫ π
−π
Y˜ (α)e−imαdα,
in (2.11) we obtain initially
(2.13) Y˜ (α) =
(M0 −M)Ω20Y0
2− 2 cosα− Ω20M
.
Then by applying the inverse Fourier transform on (2.13) we deduce an expression for
Ym, and by setting m = 0 we derive an expression for Ω
2
0:
(2.14) Ym = Y0
(
1− Ω
2
0M0
2
)m
, Ω20 =
4M
M0(2M −M0) .
At ﬁrst order in ε it transpires that Ω21 = 0 and that y
(1)
m (ξ) can safely be ignored. At
second order, O(ε2),
(2.15) 2y(2)m − y(2)m+1 − y(2)m−1 =
d2y
(0)
m
dξ2
+ (Ω20y
(2)
m +Ω
2
2y
(0)
m )
{
M m = 0,
M0 m = 0.
To proceed, we Fourier transform to get
y˜(2)(α, ξ) − (M −M0)Ω
2
0y
(2)
0
[2 cosα− 2 + Ω20M ]
=
−Ω22Y˜ (α)Mf + (M −M0)Ω22fY0 − Y˜ (α)fξξ
[2 cosα− 2 + Ω20M ]
,(2.16)
where the tilde denotes a Fourier transform and y˜(2)(α, ξ) = f(ξ)Y˜ (2)(α) and fξξ =
d2f/dξ2. Solvability, also called the Fredholm alternative or compatibility, as con-
ventionally used in homogenization [28], then requires the right-hand side to be zero;
inverting the Fourier transforms then gives the long-scale ordinary diﬀerential equa-
tion (ODE) for f(ξ) as
(2.17) 2(1− Ω20M/2)
d2f
dξ2
− 2MΩ22f = 0.
This second-order ODE encodes the microscale behavior of the line defect valid on
the continuum macroscale. Therefore this has homogenized the discrete problem into
a simple continuum equation. Using this equation, we obtain an expression for Ω2
and f , which gives the envelope of the amplitude variation along the lattice. This
can be done in several ways; we shall illustrate this for Bloch waves in section 2.1,
where f satisﬁes quasi-periodic boundary conditions and Ω2 is found from a local
dispersion relation. Alternatively, in section 2.2 a forcing, or equivalently a mass
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variation, introduces an additional term in (2.17) leading to a diﬀerential eigenvalue
problem for Ω2.
The asymptotics presented thus far are based upon the assumption (2.7) of peri-
odicity on the microscale. It is also possible to develop another set of asymptotics if,
on the microscale, we assume that the motion is locally out-of-phase, from one column
of masses to the neighboring column; then ym(ξ, 0) = −ym(ξ,±1) and one obtains
(2.18) 2(−3 + Ω2πM/2)
d2f
dξ2
+Ω22[2M(3− Ω2πM/2) + Ω2π(M −M0)2]f = 0,
where now, for clarity, we use Ωπ as the notation for the standing wave frequency
at wavenumber κ = π, where κ is the Bloch wavenumber that is used in section 2.1,
equation (2.20): Ω2π is found from the relation
(2.19) [(MΩ2π/2− 3)2 − 1]1/2 =
Ω2π(M −M0)
2
.
We now illustrate how (2.17) and (2.19) can be used.
2.1. Bloch waves. For the special situation of Bloch waves with quasi-periodic
boundary conditions,
(2.20) yn+1,m = exp(iκ)yn,m
with Bloch wavenumber κ and 0 ≤ κ ≤ π, one can return to the unapproximated
diﬀerence equations (2.5) and deduce an exact dispersion relation relating frequency
to Bloch wavenumber as
(2.21) ([cosκ− 2 +MΩ2/2]2 − 1)1/2 = Ω2(M −M0)/2.
Rayleigh–Bloch waves require κ real, and we consider the branch with Ω ≥ 2 and
M0 < M ; it is notable that if M = M0,
(2.22) Ω2 =
2
M
(3 − cosκ),
which is the upper dashed branch along DA of the dispersion relations of the perfect
lattice; in the notation of Figure 2(d) this is the lowest curve of Figure 3(a) folded
back upon itself. As an aside, one can also use the asymptotic theory for the other
branch along DA, but we do not show those results here. For clarity we have also
marked AD on Figure 3(a), with A′ as the periodic extension of A to π. It is notable
that when the wavenumber κ = 0 there are standing waves that are in-phase from
one mass to the next, and when κ = π standing waves occur with masses out-of-phase
from one to the next.
In this example, the line defect mode is born from this propagating branch of
the perfect lattice, but due to the defect it then has spatial exponential decay in
a direction perpendicular to the line defect. For two diﬀerent values of M0, the
masses of the line defect, this decay is shown in Figures 3(b,c); as M0 departs further
from unity the localization of the Rayleigh–Bloch wave to the line is enhanced. The
frequency of the wave is entirely within the stop-band for M0 < M(1 − 1/
√
2), and
otherwise is partly embedded within the propagating branches of the perfect lattice.
The consequences of this are shown in section 4, where we show that energy can leak
from the surface wave to the bulk and vice versa. Figures 3(b,c) also show that the
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Fig. 3. (a) Dispersion curves for the Rayleigh–Bloch wave guided along the line defect with
M = 1 and M0 taking the values 0.25, 1− 1/
√
2, 0.5, 0.75, 0.9, 1 with the arrow showing the direction
of increasing M0. Solid lines are taken from the exact dispersion relation (2.21) and the dashed
lines from the asymptotics in (2.23) and (2.24). Panels (b) and (c) show the displacements of two
modes in the m direction, i.e., perpendicular to the defect.
asymptotic eigenfunctions clearly oscillate along the defective line as the amplitude
decreases when moving away from the defect line (m = 0).
To relate this to the asymptotics, one notes that the Bloch condition (2.20) in
the two-scale notation requires f(ξ + ε) = exp(iκ)f(ξ) for which f(ξ) = exp(iξ) is
a solution if ε is identiﬁed with κ. From the asymptotics one then ﬁnds, after some
algebra, that the surface wave frequency, from (2.17), is locally
(2.23) Ω2 = Ω20 − κ2
(1−MΩ20/2)
M
for κ  1 and locally, from (2.18),
(2.24) Ω2 = Ω2π + 2(π − κ)2
(−3 +MΩ2π/2)
2M(3−MΩ2π/2) + Ω2π(M −M0)2
as κ → π; here Ωπ is the frequency for waves perfectly out-of-phase on the microscale.
These asymptotic results are shown as the dashed curves in Figure 3(a). The lowest
solid curve in Figure 3(a) is the dashed line in Figure 2(d); as noted earlier, a diﬀerent
periodicity causes that curve to be folded back upon itself. Amusingly, one can operate
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Fig. 4. A defective line defect embedded within a bulk lattice of identical masses is depicted,
which is the situation treated in section 2.2. The defective mass has mass M∗, the line defect in
which it is placed has masses M0, and the bulk lattice has masses M .
using two neighboring columns as the microscale cell and then have a double eigenvalue
at κ = π/2 as a new standing wave frequency; the resulting asymptotics are then linear
(see [11] for the repeated roots theory in a diﬀerent context) and can be developed in
the neighborhood of κ = π/2.
2.2. A defective defect. In the related area of photonics it is often the case
[18] that defects are introduced as lines of points within a structure to either guide or
focus light. We now consider the discrete version of coalescing point and line defects.
To demonstrate the versatility of the asymptotics, we now consider a line defect
that is itself defective (as shown in Figure 4); that is, the line m = 0 again consists
of masses M0 embedded within a lattice of masses M , but the line itself has a single
mass changed at, say, n = 0, so that it is M∗ there. Intriguingly, this defective line
defect will also have localized defect states with an eigenfrequency outside that of the
surface wave spectrum. These defect states have exponential decay, away from the
mass M∗, along the line defect. We now ﬁnd these asymptotically.
The governing equation (2.5) is modiﬁed to
(2.25)
yn+1,m + yn−1,m + yn,m+1 + yn,m−1− 4yn,m = −Ω2yn,m
{
M m = 0,
M0(1 + εαδn,0) m = 0,
with δn,0 as the Kronecker delta.
The following two cases naturally arise and illustrate the technique.
(i) If M > M0 > M∗: we deﬁne ε = 1−M∗/M0 where α = −1, so here the mass
of the single defect is less than that of the line defect and surrounding lattice. After
following through with the two-scale procedure, using δn,0 = εδ(ξ), and assuming
locally out-of-phase behavior (ym(ξ, 0) = −ym(ξ,±1)), the ODE that governs the
motion along the line defect is, from (2.25),
2(−3 + Ω2πM/2)
d2f
dξ2
+Ω22[2M(3− Ω2πM/2)
+ Ω2π(M −M0)2]f − Ω4π(M −M0)M0αδ(ξ)f = 0,(2.26)
where Ωπ is found by solving (
M
2 Ω
2
π − 3)− 1 = Ω
4
π
4 (M −M0)2. Equation (2.26) has
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Fig. 5. A defective defect state for (a) M = 1,M0 = 0.25,M∗ = 0.2, ε = 0.2 for which
numerical simulations give Ω = 5.092178 and the asymptotics Ω ∼ 5.087701, and (b) M = 1,M0 =
0.25,M∗ = 0.3, ε = 0.2 for which numerical simulations give Ω = 2.996830 and the asymptotics
give Ω ∼ 2.995146. In panels (a) and (b), the solid lines show the localized modes derived by the
numerics, while the dashed lines represent the envelope, f , obtained by the asymptotics. The local
oscillations on the microscale are out-of-phase and in-phase in (a) and (b), respectively.
an exact solution in the form f = exp(−β|ξ|) [20], where the decay rate β is given by
(2.27) 4β(−3 + Ω2πM/2) = Ω4π(M −M0)M0
and
(2.28) 2(−3 + Ω2πM/2)β2 = −Ω22[2M(3− Ω2πM/2) + Ω2π(M −M0)2].
The eigenfrequency is thus
(2.29) Ω =
√
Ω2π + ε
2Ω22 +O(ε
4),
and comparisons of this solution versus numerical solutions for M = 1, M0 = 0.25,
M∗ = 0.2 are shown in Figure 5(a). The numerical solutions are found by turning the
inﬁnite number of discrete diﬀerence equations (2.5) into a standard matrix eigenvalue
problem, truncated to a large ﬁnite size, typically 100×100, with convergence checked
by increasing this value.
The displacements of the localized mode found numerically show locally antiperi-
odic behavior as expected. The dashed line in Figure 5(a) shows f(ξ) which clearly
captures the long-scale envelope of the numerically observed decay. This localized
defect state occurs at frequency Ω = 5.092178, which lies above the dispersion curve
shown in Figure 3(a) and is in the nonpropagating region for both the main lattice
and the prefect line defect, suggesting that a nonembedded trapped mode exists in
this case. One can actually use the theory of positive operators, as in [16], to prove
that this occurs for the ODE of (2.26).
(ii) If M > M∗ > M0: we deﬁne ε = M∗/M0 − 1 and set α = +1; thus the
introduced mass is heavier than those of the line defect but lighter than those of the
main lattice. After again following the two-scale procedure, we have
(2.30) 2(1− Ω20M/2)fξξ − f [2MΩ22 +Ω40(M −M0)M0δ(ξ)] = 0.
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Fig. 6. Dispersion curves for the wave guided along the defective line defect are depicted
when M = 1,M0 = 0.25, 0 ≤ M∗ < 0.25 (case (i) of the main text) and ε = 1 − M∗M0 in (a) and
when M = 1,M0 = 0.25, 0.25 < M∗ ≤ 0.5 (case (ii) of the main text) and ε = M∗M0 − 1 in (b).
The solid lines represent the solution obtained from the asymptotics, while the crosses show the
numerical solution. ΩU and ΩL represent frequencies lying in the upper stop-band and in the lower
propagating region, respectively, as ε increases.
In this case the local microscale behavior is in-phase as one moves from one column of
masses to its neighbors; there will again be a localized mode, this time at a frequency
below the surface wave mode and so potentially at a frequency for which waves prop-
agate within the main lattice. The exponential solution f = exp(−β|ξ|) applies again
and the decay is found from
(2.31) −4β(1− Ω20M/2) = Ω40(M −M0)M0
with
(2.32) (1− Ω20M/2)β2 = MΩ22.
This localized defect state is shown in Figure 5(b) illustrating the excellent agreement
between the numerical and asymptotic solutions even for the relatively large value of
ε: ε = 0.2.
In Figure 6 the asymptotic frequency values for the localized mode occurring at
frequencies ΩU above, and ΩL below, those of the surface wave frequencies are shown
as crosses. For comparative purposes, full numerical simulations were performed and
the localized states extracted; the comparison is excellent for ε values (ε < 0.5):
as ε increases further the asymptotics move away from the numerical solution and
therefore fail, as indeed is expected for an asymptotic theory based upon ε  1.
Figure 6(a) shows the trapped mode (ΩU ) existing in the nonpropagating regime;
looking at the surface wave dispersion curve in Figure 3(a), this is closest to values
of that curve at the κ = π edge of the Brillouin zone where out-of-phase oscillatory
behavior is exhibited, and hence this out-of-phase behavior in the localized defect state
is expected. The frequency ΩL, presented in Figure 6(b), is another trapped mode,
this time potentially embedded in the propagating region of the main lattice, and
near the other edge (κ = 0) of the Brillouin zone; thus we expect it to behave locally
in-phase. These conclusions from the asymptotics are born out by full numerical
simulations.
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3. Asymptotics perpendicular to the line defect. We now change tack and
attack the line defect problem from a diﬀerent angle; here we now use two scales but
in the m direction perpendicular to the line defect. Since the surface wave dispersion
curves shown in Figure 3(a) are a modiﬁcation of the dashed line along AD shown for
the perfect lattice of Figure 2(d), it is natural to consider perturbing away from that
solution. This will be less versatile than our previous asymptotic approach: in section
2 the asymptotic technique employed used the standing wave frequencies Ω0 and Ωπ,
at an edge point (κ = 0 or κ = π) of the reciprocal Brillouin zone, and required only
these frequencies and the corresponding eigensolutions. Those asymptotics could
then be used to consider more general settings such as localized defect states. In
contrast, the asymptotic method used in this section requires the frequency at every
wavenumber κ individually along the reciprocal Brillouin zone for the perfect lattice,
i.e., without the line defect; we derive only one asymptotic expansion for frequency Ω.
The crucial diﬀerence between the two techniques is the amount of information they
require, as the former just assumes conditions at the edges, while the latter requires
conditions imposed throughout the range of values of the wavenumber.
In order to proceed with an asymptotic approach, we again introduce two scales
characterizing the lattice. The long scale, which we will now denote by η, is con-
veniently set using the relative mass variation between the grid and the defect: we
set ε = 1αˆ (1 − MM0 ), where αˆ is a constant and ε  1, and η = εm to be continu-
ous. The short scale m1 is given by the elementary cell structure involving the four
displacements yn,m+m1 ; m1 = −1, 0, 1, 2. These two scales are now assumed to be
independent of each other and allow us to set
yn,m+m1 = yn(η +m1ε,m1)
∼ yn(η,m1) +m1εynη(η,m1) +
1
2
(m1ε)
2ynηη (η,m1) + · · · .(3.1)
By assuming that the motion, on the microscale of the elementary cell, is that of
locally standing waves oscillating across the cell, we impose the following antiperiodic
constraints for out-of-phase standing waves in the vertical (m) direction: yn(η,±1) =
−yn(η, 0).
The mass variation in the asymptotic problem is treated by changing the right-
hand side of (2.5) to
−MΩ2yn(η, 0) + (M −M0)Ω2εδ(η)yn(η, 0)
= −MΩ2yn(η, 0)−MΩ2(1 + αˆε2δ(η))yn(η, 0),
which motivates the earlier deﬁnition of ε = 1αˆ (1− MM0 ).
After adjusting (2.5) in the two-scale notation and carrying out the appropriate
substitutions for the Bloch and antiperiodic conditions, we obtain
(3.2) (2 cosκ− 6)yn(η, 0)− ε2ynηη(η, 0) = −MΩ2(1 + αˆε2δ(η))yn(η, 0);
Bloch conditions have been assumed such that yn+1,m = e
iκyn,m. The next step is to
use the ansatz
(3.3) yn(η) ∼ y(0)n (η) + εy(1)n (η) + ε2y(2)n (η) + · · · and Ω2 ∼ Ω20 + εΩ21 + ε2λ22 + · · · ,
which leads to a hierarchy of equations in powers of ε. These new diﬀerential equations
are solved order-by-order in ε.
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The leading-order problem is just
(3.4) (2 cosκ− 6)y(0)n = −MΩ20y(0)n ,
from which the frequency of standing waves
(3.5) Ω20 =
6− cosκ
M
emerges directly (cf. (2.22)), and y
(0)
n (η) = f(η)Y
(0)
n , with f(η) to be determined.
By separating the terms of diﬀerent scales in the ﬁrst-order equation, we are led
to having y
(1)
n = f1(η)Y
(1)
n and
(3.6) (2 cosκ− 6)y(1)n +MΩ20y(1)n = −MΩ21y(0)n
for which solvability forces Ω21 = 0, and f1(η) is unknown and not required in the
subsequent analysis.
The second-order problem after the separation of scales reads as
(3.7) [(2 cosκ− 6) +MΩ20]y(2)n = −MΩ22y(0)n + y(0)mηη +MΩ20αˆδ(η)y(0)n ,
which is solvable only if the right-hand side equals zero. This condition leads to the
diﬀerential eigenvalue problem
(3.8) fηη −M(Ω22 +Ω20αˆδ(η))f = 0,
where fηη denotes
d2f
dη2 , relating f and Ω
2
2. The solution of (3.8) is again f(η) =
− exp(−MΩ20αˆ2 |η|) with Ω22 = Mαˆ
2Ω40
4 . Hence, the modiﬁed frequency is given asymp-
totically as
(3.9) Ω2 ∼ 6− 2 cosκ
M
+ ε2αˆ2
(6− 2 cosκ)2
4M
+ · · · .
The numerical and asymptotic squared frequencies are plotted and compared in
Figure 7(a). There we observe that as ε decreases, numerics and asymptotics have,
as one would naturally expect, better agreement, while as ε increases the asymptotics
move further away from the numerics.
In Figures 7(b,c) the same parameter values are chosen as in Figures 3(b,c), with
the crucial diﬀerence being that the asymptotics of this section capture the exponential
decay in the m direction away from the line defect, shown as the dashed curves in
Figures 7(b,c).
4. Illustrative examples. We now consider some numerical examples to illus-
trate how the physical ideas of this paper can be used in interpretation. The numerical
approach is to, again, create a matrix problem from the diﬀerence equations (2.5),
but now with the line defects making the outline of a square. When truncating, one
naturally has to be careful how the, artiﬁcially introduced, edges of the domain inﬂu-
ence the solution, particularly with propagating solutions potentially reﬂecting oﬀ the
edges. This issue is to overcome using a variant of perfectly matched layers (PML) [8]
which are, for continua, the method of choice. For discrete systems, in one dimension,
for a simple line of masses with forcing we take
(4.1) yn+1 + yn−1 − 2yn +MΩ2
(
1− σ(n)
iΩ
)2
yn = δn,0
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Fig. 7. (a) Dispersion curves for the wave guided along the line defect with M = 1, M0 taking
the values 0.25, 0.5, 0.9, and ε is 0.75, 0.5, 0.1, respectively. Solid lines are taken from the exact
dispersion relation (2.21) and the crosses from the asymptotics in (3.9). Panels (b) and (c) show
the displacements of two modes in the m direction, i.e., perpendicular to the defect.
Fig. 8. A bulk lattice of identical masses with line defects outlining a square is depicted as used
in section 4. The size of the numerical grid is, however, substantially larger with 603× 603 masses
and the inner square being 200× 200 masses.
on a lattice −N ≤ n ≤ N with σ(n) = 0 for |n| < Npml, so the PML is active
only toward the edge of the truncated domain. In PML computations for continuous
systems it is often observed, and indeed proved [34], that nonlinear dependence in σ
is advantageous. Here we take σ(n) = (Npml − n)q/N for n > Npml and a symmetric
formula for n < −Npml; in computations, q = 2 and Npml = 60. The eﬃcacy of this
approach is checked versus exact solutions in one dimension, and its extension to two
dimensions is similarly veriﬁed.
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We consider a two-dimensional lattice of equal masses (M = 1) with masses of
M0 set along the edges of a square, as shown in Figure 8. We excite this system
of masses by vibrating the mass at the lower left corner of the square with diﬀerent
frequencies. Once again applying PML in a similar manner to the one-dimensional
problem, we obtain the diﬀerence equations
yn+1,m + yn−1,m + yn,m+1 + yn,m−1 − 4yn,m
= δn,−201 − Ω2
(
1− σ(n)
iΩ
)2{
M0 for square,
M otherwise,
(4.2)
where −N ≤ n,m ≤ N with σ(n) = 0 for |n|, |m| < Npml, so as shown in Figures 9
and 10, the PML becomes active outside the white rectangles. The defective masses
M0 form a square when −201 ≤ n ≤ 201 and −201 ≤ m ≤ 201. We proceed to solve
them via matrix inversion.
With M0 = 0.25 we can use Figure 2(d) to see that waves propagate in the main
lattice for 0 < Ω < 2.83; there is then a stop-band as the frequency increases further.
The insertion of the line defect introduces a surface wave dispersion curve, as shown in
Figure 3(a), with propagation for frequencies 3.02 < Ω < 4.95. We choose frequencies
Ω = 1.98, 2.5, 3, and 4, and from the dispersion curves anticipate that for particular
frequencies defect modes will exist.
In Figure 9(a) the lattice is excited at Ω = 1.98; this is very close to a ﬂat band in
the dispersion diagram, which is of independent interest (see [4]), and standing waves
form entirely along the diagonals, centered at the forcing point, of the bulk lattice.
We observe that energy travels along the nondefective masses outside and inside the
box, while the inner square also allows for this to happen. The line defects around
the edges have minimal eﬀect apart from creating an image source at the opposite
corner from the forcing.
Another frequency within the propagating regime, Ω = 2.5, was examined, re-
sulting in Figure 9(b). At this frequency we notice that energy propagates outward
from the source, as expected, and some energy is transmitted within the square of
defective masses. Again the line defects are rather passive and mainly act simply to
reﬂect waves from the inner square.
Figures 9(c,d) depict the scenarios for two frequencies lying in the stop-band of
the perfect bulk lattice, i.e., with the line defects absent. In the ﬁrst case where Ω = 3
(see Figure 9(c)), there is some energy at the vibration source which exponentially
decays within a small vicinity around the source, as is predicted for frequencies in the
nonpropagating regime. At this frequency the surface waves do not propagate either.
However, for Ω = 4 we are in a stop-band for the bulk lattice, but within the
propagating region of the line defects. In Figure 9(d), there is no energy traveling
along the lattice except along the square of defective masses, showing that this is an
excellent approach for guiding wave energy.
Now we consider the same problem with the same setting, but with M0 = 0.5.
As before, we look at Figure 3(a) and observe that surface waves are predicted at
frequencies 2.3 < Ω < 3.56. It is essential to note that part of the surface wave
dispersion curve now lies in the propagation region; hence the frequencies for which
surface waves exist are not entirely in the stop-band as before when M0 = 0.25. In
other words, we expect to have nonembedded trapped modes in the overlapping set
of values of Ω, 2.3 < Ω < 2.83. Again, numerical simulations are generated for 2.5
and 3; the other two frequencies are of less interest and are omitted for brevity.
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Fig. 9. The absolute value of the displacements |yn| for an inﬁnite lattice, constructed by
identical masses M = 1 and embedded defective masses M0 = 0.25 set in a square, is excited at
diﬀerent frequencies Ω = 1.98, 2.5, 3, 4. The source is placed at the lower left-hand corner of the
square. The PML method was used to avoid reﬂection or other edge eﬀects: the white lines show
the position at which the PML scheme becomes active.
Fig. 10. The absolute value of the displacements |yn| for an inﬁnite lattice, constructed by
identical masses M = 1 and embedded defective masses M0 = 0.5 set in a square, is excited at
diﬀerent frequencies Ω = 2.5, 3. The source is placed at the lower left-hand corner of the square.
The PML method was used to generate these ﬁgures and avoid reﬂection or other edge eﬀects. The
white lines show the position at which the PML scheme becomes active.
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In Figure 10(a), where Ω = 2.5 is within the propagating regime of the bulk lattice,
but also corresponds to a surface wave frequency, traveling waves appear throughout
the nondefective masses in the lattice. Along the defective masses of the square, some
energy is captured and remains trapped in standing waves traveling around the edge
of the square, which creates image sources at each corner; this is clearly not an eﬃcient
frequency at which to transport energy. For Ω = 3, which is in the stop-band, for
the bulk but not for surface waves, we again have wave energy trapped to propagate
along the line defects; this is due to the same reason as in Figure 9(d).
5. Conclusions. The asymptotic procedure, outlined by [12], has been extended
to investigate Rayleigh–Bloch waves along line defects introduced into discrete two-
dimensional lattices. High-frequency homogenization is based upon a two-scale ap-
proach that captures the microstructural information of a periodic inhomogeneous
medium used in wave propagation problems and ﬁnds asymptotic homogenized con-
tinuum equations valid on the macroscale. This mathematical technique takes advan-
tage of the scale separation by “transferring” the knowledge of the multiple scaling
encoded by standing waves in the microscale to the macroscale. The short scale
representing the microstructure properties has to be signiﬁcantly smaller than the
macroscale. The resulting high-frequency homogenization models are capable of en-
capsulating localization eﬀects, such as recognizing localized defect modes.
In the surface wave problems presented here, embedded and nonembedded
trapped modes, in the sense of being outside or within the frequency range for which
waves propagate within a perfect lattice, were successfully detected by employing
discrete high-frequency homogenization. This is veriﬁed by comparing asymptotic
results to numerical solution of the full system. Frequencies associated with localized
defect modes are found in the high-frequency regime. It is notable that we have con-
centrated on one branch of Rayleigh–Bloch waves; there is another branch of solutions
that have a dispersion relation passing through the origin, and the asymptotic theory
works equally well for them.
Two diﬀerent approaches were demonstrated for tackling the same surface wave
problem in sections 2.1 and 3. The ﬁrst was based on perturbing about the edge
points (κ = 0 and κ = π) of the reciprocal Brillouin zone, leading to two asymptotic
expansions of frequency (2.17), (2.18). The other was developed by perturbing for
each wavenumber κ individually along the reciprocal Brillouin zone, obtaining a single
asymptotic expansion for Ω (3.8). The former approach requires information only
about the edge points, making it more applicable and eﬀective when considering
more general settings, while the latter imposes conditions throughout the range of
values of the wavenumber. As a result the former captures and produces a very good
asymptotic solution near the edges and is less eﬀective for the values in the middle of
the reciprocal Brillouin zone. The latter, even though more demanding, can be more
eﬃcient in certain cases, as it can replicate the exact frequency behavior throughout
the whole range of wavenumbers.
There are many variations or extensions to the surface wave problems examined
here. In particular, time dependence could be introduced to the problems, allowing
us to ﬁnd trapped modes linked to time-dependent problems. Surface wave problems
similar to those of the main text could be investigated involving diﬀerent types of
defects in the square lattice, such as point defects or defective blocks of masses. To
this extent, varying the location of the defect, i.e., setting the line defect at the edge of
a semi-inﬁnite lattice, may also aﬀect the resulting homogenized diﬀerential equation
in the macroscale. High-frequency homogenization used here, for localization in two-
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dimensional structures of a speciﬁc geometry, also allows for generalizations to three
dimensions or to other engineering structures such as frames [22, 25, 29], relying on
understanding the behavior of an elementary lattice cell. The two-scale approach
is not limited to the square lattice geometry, and therefore other lattice geometries
constructed by triangles or hexagons [22, 35] could also be solved using this formalism.
The asymptotic theory used here for treating discrete problems with the occur-
rence of localization phenomena can be applied to analogous continuous problems.
Continuum models of structured interfaces can be considered and solved based on the
same concept. For example, the equivalent corresponding case of the discrete lattice
with a defective line could be replaced by an inﬁnite array of parallel-plates (i.e., ﬁnite
lines) with a plate defect, i.e., a line missing or being semi-inﬁnite or a linear array of
circular holes with one missing. Such extensions are currently underway.
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